Using a manifestly gauge-invariant approach we show that the set of low-energy constants in the electroweak chiral Lagrangian currently used in the literature is redundant. In particular, by employing the equations of motion for the gauge fields, one can choose to remove two low-energy constants which contribute to the self-energies of the gauge-bosons. The relation of this result to the experimentally determined values for the oblique parameters S, T and U is discussed. We then evaluate the matching relation between gauge-invariant Green's functions in the full and the effective theory for the case of the Standard Model with a heavy Higgs boson and compare the results for the independent low-energy constants with those for a simple Technicolor model. Since the pattern of the low-energy constants is very different in these two models it may be misleading to mimic any strongly interacting symmetry breaking sector by a heavy Higgs boson. From our investigation we conclude that current electroweak precision data do not really rule out such strongly interacting models.
Introduction
In Ref. [1] we introduced a manifestly gauge-invariant approach to the bosonic sector of the Standard Model which deals with gauge-invariant Green's functions and provides a method to evaluate the corresponding generating functional without fixing a gauge. In Ref. [2] we employed this new approach to reanalyze the electroweak chiral Lagrangian [3, 4] in order to investigate two issues related to gauge invariance. We present here the main results of our investigation and refer to Refs. [1, 2] for a discussion of the problems encountered with gauge invariance when studying these issues in the usual approach to gauge theories, for the presentation of our solution to these problems and for all the details of the derivation. A more complete overview of the literature can be found in Refs. [1, 2] as well.
The first issue concerns the determination of the number of independent low-energy constants in the effective Lagrangian by employing the equations of motion to eliminate redundant terms. This is important for any general analysis of the data that will be measured at future colliders like the LHC or a linear collider, if the underlying dynamics of electroweak symmetry breaking is strongly interacting. See Ref. [5] for a recent overview. The second subject is the matching of a full and an effective field theory at low energies in order to evaluate the effective Lagrangian in gauge theories. We compare the results of the independent low-energy constants for the Standard Model with a heavy Higgs boson, obtained by matching gauge-invariant Green's functions [2] , with earlier evaluations that used different methods [3, 6] and with those for a simple Technicolor model [7] . We end with some comments on the phenomenological implications of our investigation for strongly interacting models of electroweak symmetry breaking.
The electroweak chiral Lagrangian
Assuming a strongly interacting dynamics behind the breaking of the electroweak symmetry, the physics at low energies can be described by an effective Lagrangian, the electroweak chiral Lagrangian [4] built in analogy to the chiral Lagrangian for low-energy QCD [8, 9] . It is given by a series in powers of momenta and masses, L ef f = L 2 + L 4 + . . ., where L k is of order p k and has the general form
W is the inverse of the usual ρ-parameter. In order to have a well-defined effective field theory a consistent chiral momentum counting is required. Following the counting rules of chiral perturbation theory [8, 9] , we treat the Goldstone boson field U and the phase factor ϕ ± as quantities of order p 0 . The momenta, the covariant derivative D µ , the gauge fields W ± µ , Z µ , B µ , and the masses M W and M Z are counted as order p. The consistency of these rules requires that the coupling constants g, g ′ and e count as order p. This is similar to the counting of e as order p, if virtual photons are included in chiral perturbation theory [10] . The above rules imply that c and s are of order p 0 . Furthermore, we countρ − 1 in Eq. (1) as order p 0 in the low-energy expansion. Sincē ρ − 1 is experimentally known to be very small [11] , the custodial symmetry breaking term (ρ − 1)Z µ Z µ is sometimes [6] only included at order p 4 in the effective Lagrangian. Finally, we count the external source K µν as order p 0 and J
, where the CP-even terms without external sources can be written in the form L
where
One can easily identify those operators in Eq. (7) 3 Number of independent parameters in L ef f
The generating functional for the Green's functions of the gauge-invariant fields ϕ ∓ W ± µ , Z µ and B µν is given by the path integral
As discussed in Ref. [2] it is possible to evaluate the path integral in Eq. (9) without fixing a gauge because we consider only Green's functions of gauge-invariant fields. In general, there are two different kinds of contributions to the generating functional in Eq. (9) . On the one hand, one has tree-level contributions given by the integral d d xL ef f , which has to be evaluated at the stationary point, i.e., with the solutions of the equations of motion. On the other hand there are contributions from loops, which ensure unitarity. General power counting arguments show that n-loop corrections are suppressed by 2n powers of the momentum [8, 9] . For instance, at order p 2 there are only tree-level contributions from L 2 , whereas at order p 4 one has to consider tree-graphs from L 4 and one-loop graphs with vertices from L 2 . At order p 2 , the generating functional of the effective field theory is given by the classical action
where the gauge fields satisfy the equations of motion
+2i(W
The equations of motion (constraints) for the Goldstone bosons are given by
where we introduced the notation j
As discussed in Refs. [1, 2] it is possible to solve the equations of motion (11) - (15) for the physical degrees of freedom without the need to fix a gauge.
The Lagrangian L 4 only contributes at tree-level if we go up to order p 4 in the low-energy expansion of the generating functional in Eq. (9). Therefore we can use the equations of motion for the gauge fields as well as the constraints for the Goldstone bosons to eliminate redundant terms in the list of operators in Eq. (7) . Note that in our gauge-invariant approach no gauge artefacts can enter through this procedure. Using the constraints (14) and (15) one can remove the following three operators
This corresponds to removing the operators L 11 , L 12 , L 13 in the usual basis, as was done in Ref. [4] . Using the equations of motions for the gauge fields, Eqs. (11) - (13), one can remove the two operators
This step, which corresponds to removing L 1 and L 8 in the usual basis, has not been taken before in the literature. The operators O 11 and O 12 contribute to self-energies of gauge bosons which are not directly observable. The relations between the operators L i in the usual basis which follow from Eqs. (16) - (20) can be found in Ref. [2] . A similar procedure can be applied to eliminate four of the source terms [2] . Furthermore, the operators O 15 , . . . , O 18 in Eq. (7), as well as several source terms in L s 4 , are proportional to corresponding terms in L 2 . One can remove these terms from the basis by a renormalization of the parameters, low-energy constants and sources in L 2 . For instance we get
The complete list of redefinitions can be found in Ref. [2] . At the end we find [2] that there are 9 independent low-energy constants l . We can cover the conventions used in Ref. [6] , where a custodial symmetry breaking term proportional to Z µ Z µ is included only in L 4 , by settingρ = 1 and including the operator
into the basis with the low-energy constant l ′ 0 . In a purely bosonic effective field theory the source terms will not contribute to physical quantities (on-shell gauge bosons) [2] . Therefore, apart from the universal parameters v 2 , g and g ′ in L 2 , there are only 10 physically relevant low-energy constants up to order p 4 , namely l . Therefore the set of 12 low-energy constants in L 4 found in these references is redundant. Before any conclusions can be drawn, however, one has to study the inclusion of fermions into the effective field theory [2] . At order p 2 the fermionic part of the effective Lagrangian contains several terms
They denote the kinetic terms, the Yukawa couplings, the coupling to charged and neutral currents, fourfermion interactions and source terms, respectively. In the following we will concentrate on the charged current interactions, a more complete discussion can be found in Ref. [2] . These interactions can be expressed as follows
where the fermionic currents are written in terms of SU (2) L gauge-invariant fields
Here, Ψ k denotes the usual fermion doublet for flavor number k. The fields u In a general effective Lagrangian analysis one has to include, however, such terms and, in fact, they are expected to be small if they are of higher order in the low-energy expansion.
Using the equations of motion for the Goldstone bosons (constraints) [4] . On the other hand, if we employ the equations of motion for the gauge fields we obtain, cf. Eq. (19),
The last term is proportional to a term in L f,CC 2
and therefore leads only to a non-observable renormalization of the low-energy couplings c ij in Eq. (23), similarly to the redefinition in Eq. (21). Therefore, the operator O 11 can again be removed in the framework of a general effective field theory approach. The same statement applies to O 12 .
In contrast, in Ref. [4] the assumption was made that all couplings of the fermions to the gauge bosons are identical to their values in the Standard Model. In this case the use of the equations of motion for the gauge fields does not reduce the number of parameters, but simply shifts some low-energy constants from the bosonic to the fermionic sector. The assumptions made in Ref. [4] might, however, be too stringent.
We have chosen to remove the operators O 11 and O 12 from the basis, which correspond to the operators L 1 and L 8 in the usual basis. Since these operators contribute to the self-energies of the gauge bosons, the low-energy constants a 1 and a 8 are sometimes identified with the oblique correction parameters S and U [13] 1 . As discussed in Ref.
[2], we believe that such an identification is not really possible. The parameters S, T and U , as used nowadays by the Particle Data Group [11] , describe the effects of heavy new physics beyond the Standard Model on the self-energies of the gauge bosons. In particular, they depend on the Higgs boson mass M H , whereas the effective Lagrangian approach also works if there exists no Higgs boson at all. In order to make contact between the two descriptions one might do the following.
The low-energy constants at order p k have the general form l
, are universal, i.e. independent of the underlying theory. Following the conventions of chiral perturbation theory [8, 9] , we denote the finite, scale dependent parts, l (k),r i (µ), as renormalized low-energy constants. One could now try to mimic any strongly interacting symmetry breaking sector by studying the large Higgs mass limit. One cannot completely remove the Higgs particle from the theory in this way, however, due to non-decoupling effects for M H → ∞. We now assume that the renormalized low-energy constants can be decomposed as follows
where the first term describes the contributions for the Standard Model with a heavy Higgs boson (see the next Section). The definition of S, T and U now amounts to setting l (k),new i (µ) = 0 for all i, k except for k = 4 and i = 0, 11, 12. This introduces three finite parameters, independent of each other, to describe new physics effects. Again, the use of the equations of motion for the gauge fields does not reduce the number of parameters in this case, but simply shifts some low-energy constants from the bosonic to the fermionic sector. The assumptions made in Ref. [13] , i.e. that new physics effects predominantly show up in oblique corrections and that a decomposition according to Eq. (27) is possible in the absence of a Higgs boson, might, however, again be too restrictive.
Low-energy constants for a heavy Higgs boson and for a simple Technicolor model
The low-energy constants in the effective Lagrangian are determined by the underlying theory of electroweak symmetry breaking and can, in principle, be calculated by matching the full and the effective theory at low energies. In the case of a heavy Higgs boson, which we consider here as one illustrative example of a strongly interacting symmetry breaking sector, the matching condition can be evaluated using perturbative methods. One has to make sure, however, that no gauge artefacts enter in this procedure, if one matches, for instance, gauge-dependent Green's functions of gauge bosons [3, 6] . In Ref. [2] we have redone the calculation within our manifestly gauge-invariant approach by matching the generating functionals of our gauge-invariant Green's functions, i.e. by requiring W ef f = W SM . The matching condition was evaluated up to one-loop order in the Standard Model (bosonic sector) and up to order p 4 in the low-energy expansion. At the level of the bare effective Lagrangian we reproduce the results found in Ref. [6] . The complete result for the effective Lagrangian L 2 after renormalization can be found in Ref. [2] . The independent low-energy constants of the non-source terms in the bosonic sector at order p 4 are given by
In the Standard Model the custodial symmetry breaking effects in ∆ρ are proportional to g ′2 . Therefore we haveρ = 1 in L 2 and there are 10 low-energy constants in L 4 . As physical input parameters we have chosen the masses of the Higgs, and the W -and Z-boson and the electric charge. The masses are defined by the pole position of gauge-invariant two-point functions [1] For illustration, we have listed in Table 1 . For Higgs masses above 1 T eV the application of perturbation theory is certainly questionable. Therefore, the values of the low-energy constants quoted for M H,p = 2 T eV are only given as illustration. On the other hand, if the Higgs mass is too small, e.g. below 250 GeV , the low-energy expansion will break down. For comparison, in a two-flavor QCD-like Technicolor model [7] one obtains the following estimates for the independent low-energy constants
where M ρT C denotes the mass of the Technirho meson. We note that these expressions have not been obtained through a matching calculation. Instead, they are taken over from the corresponding estimates for the low-energy constants in the ordinary chiral Lagrangian, obtained by assuming that the exchange of the lowest lying resonances dominates the numerical values of the renormalized low-energy constants in the resonance region, i.e. at the scale of the Technirho mass. This assumption works reasonably well for the coefficients in the chiral Lagrangian for QCD [9, 14] and can be justified using large-N c arguments and constraints from sum-rules [15] . By taking over these estimates from QCD we assume that the electroweak interactions (gauge-boson loops) will not drastically change the corresponding values of the low-energy constants in the electroweak chiral Lagrangian. In contrast to the matching calculation for the Standard Model with a heavy Higgs boson this cannot be shown explicitly in the Technicolor model, because of the strongly interacting dynamics. In any case, we will use the values given in Eq. (29) only for illustration, since QCD-like Technicolor models are phenomenologically ruled out due to large flavor-changing neutral-currents. In Table 2 we have collected the values of all renormalized low-energy constants l ′r i (µ) for the Standard Model with a heavy Higgs boson, for M H,p = 250 GeV and 1000 GeV , and for the Technicolor model. We have chosen two representative scales, the mass of the Z-boson and the mass of the Technirho meson M ρT C . Simply scaling up from QCD we used M ρT C = 2 T eV and v = 246 GeV . One has to evolve the estimates for the low-energy constants for the Technicolor model in Eq. (29) from the resonance region down to the scale of the Z-boson in order to compare with LEP I / SLC physics. In this way the constant l ′r 0 (µ = M Z ) turns out to be nonzero, even though the Technicolor model preserves the custodial symmetry. We observe that at both scales the pattern of the low-energy constants for the Standard Model with a heavy Higgs boson and for the Technicolor model is very different. Therefore, it may be misleading to mimic any strongly interacting symmetry breaking sector by a heavy Higgs boson, as is done, for instance, when fitting values for the oblique parameters S, T and U in order to get bounds on Technicolor models [11, 12] .
We cannot directly compare the values for the low-energy constants quoted in Table 2 with experimental data, since we consider here only the bosonic part of the effective Lagrangian. Nevertheless, one might be tempted to make the identificationαT = −l ′r 0 (µ = M Z ), cf. Eq. (6). Quantities with a hat are defined in the M S-scheme. A recent fit of the parameters S, T and U yields T = 0.00 ± 0.15 [12] . This would translate to the bounds −2.3 < 10 3 × l ′r 0 (µ = M Z ) < 2.3 at the 2σ-level. In Ref. [12] and in the approach adopted by the Particle Data Group [11] the parameter T is equivalent to the parameter ρ 0 , usingαT
Zρ (m t , M H )). Fitting the electroweak data with ρ 0 as a free parameter leads to ρ 0 = 0.9996 +0.0031 −0.0013 at the 2σ-level [12] . From this we would obtain the bounds −2.7 < 10 3 × l ′r 0 (µ = M Z ) < 1.7. Note, however, that these fits for ρ 0 or T are usually performed by including radiative corrections within the context of the Standard Model [11, 12] . These quantities depend therefore in a particular way on the masses of the top quark and of the Higgs boson. These dependencies may change drastically, however, in other models where ρ = 1 at tree level, if the full radiative corrections of that model are taken into account, see Ref. [16] . Furthermore, the quantities ρ 0 or T are defined in Refs. [11, 12] to parametrize only new physics effects beyond the Standard Model. Therefore, a reference value for the Higgs boson mass has to be chosen for the fit of S, T and U , e.g. for the value for T quoted above, M H = 600 GeV has been used to mimic Technicolor models. In contrast, the low-energy constant l ′r 0 (µ = M Z ) ≡ −s 2 a ′r 0 (µ = M Z ) corresponds to the parameter −∆ρ, see Ref.
[18] for the exact relation. Within the Standard Model with a heavy Higgs boson we obtain from l ′r 0 in Eq. (28) the known Higgs contribution in ∆ρ. In other models, however, the low-energy constant l ′r 0 may receive contributions that are quite different from the Standard Model or from the Technicolor model. Therefore we conclude that there exist no strong, model-independent bounds on the low-energy constant l ′r 0 and thus on models for a strongly interacting symmetry breaking sector using current electroweak precision data. A similar conclusion has been drawn recently in Ref. [17] where it was argued that the electroweak precision data cannot rule out a strongly interacting symmetry breaking sector with a scale of new physics as high as 3 T eV .
The strongest bounds for anomalous triple gauge couplings from LEP II [19] translate at the 2σ-level to 10 3 × |l ′r i | 100, i = 7, 8, 9. Therefore they do not really constrain at the moment models for a strongly interacting symmetry breaking sector where the size of the renormalized low-energy constants is expected to be of the order of 1 16π 2 [20] . All low-energy constants in Table 2 are of this order of magnitude, except for l ′r i , i = 1, 3, 5, which receive large tree-level contributions in the Standard Model.
Conclusions
We have reported here on our recent investigation [2] of the electroweak chiral Lagrangian, which is based on the gauge-invariant approach to the Standard Model introduced in Ref. [1] . For a purely bosonic effective field theory we have shown, by using the equations of motion and by redefining the universal parameters in the lowest order Lagrangian L 2 , that there are only 10 independent low-energy constants in the effective Lagrangian up to order p 4 . In particular, it is possible to remove two operators that contribute to the self-energies of the gauge bosons. Hence, there is only one low-energy constant in the effective Lagrangian, related to ∆ρ, that parametrizes oblique corrections. This result persists in the presence of fermions in a general effective field theory analysis, where, however, many more new low-energy constants arise in the fermionic sector. We briefly discussed the relation of this result to those found in the usual approach to the electroweak chiral Lagrangian in Ref. [4] where the couplings of the fermions are assumed to have their Standard Model values. Furthermore, we pointed out that the oblique parameters S, T and U [13] , as determined by the fits in Ref. [11, 12] , cannot directly be identified with the low-energy constants in the effective Lagrangian. They parametrize new physics effects beyond the Standard Model and depend, in particular, on the Higgs boson mass, whereas the effective Lagrangian approach also works if there exists no Higgs boson at all.
We then discussed the evaluation of the effective Lagrangian by matching gauge-invariant Green's function at low energies. For the case of the Standard Model with a heavy Higgs boson the matching relation can be evaluated in perturbation theory. With our approach we reproduce the results of earlier calculations [3, 6] . This can be understood from the momentum counting rule g 2 , g ′ 2 = O(p 2 ). We then compared the values of the independent low-energy constants with those for a simple Technicolor model. We find that the pattern of the low-energy constants is very different in these two models. Therefore, it may be misleading to mimic any strongly interacting symmetry breaking sector with a heavy Higgs boson, e.g. when fitting the oblique parameters S, T and U [11, 12] . Note that there are non-decoupling effects, if one tries to send the Higgs mass to infinity. Since, in addition, all these fits are based on the inclusion of radiative corrections within the context of the Standard Model, which may be quite misleading, cf. Ref. [16] , we believe that the current electroweak precision data do not really rule out models for a strongly interacting symmetry breaking sector, see also Ref. [17] .
If the electroweak symmetry breaking is indeed governed by a strongly interacting underlying dynamics it will be one of the tasks to be performed at a linear collider to determine these low-energy constants in the effective Lagrangian experimentally as precisely as possible [5] , especially, if the collider is running at energies below the resonance region.
